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G.J. Simmons proved in 1972 that if the regions formed by a Euclidean arrangement of lines 
in general position are two-colored, with r red regions and g green regions, then r G 2g - 2 so 
that r/g c 2. We use a variant of Simmons’ argument to find some analogous estimates in higher 
dimensional Euclidean space. 
1. Introhwtion 
The regions formed by n lines in the Euclidean plane can be colored with two 
colors in such a way that contiguous regions have different colors. Suppose there 
are r red regions and g green regions, with ra g. In a talk [4] presented in 1972, 
Simmons proved that if the lines are in general positilon (a condition later 
removed by Simmons and Wetzel [5] and by Griinbaum /3]), then 
rC2g--2. (1) 
It follows that r/g < 2, and the more common color occupies fewer than two-thirds 
of the regions. 
Grunbaum [3] asked for analogues of these inequalities in higher dimensions. 
In this paper, we use a variant of Simmons’ argument to find such estimates for 
d-arrangements in the general position case. 
We begin by recalling Simmons’ argument (see Simmons and Wetzel [5]>. The 
argument relies on the fact that each of the n(n - 2j (bounded) segments (edges) 
formed by a two-colored arrangement of n > 2 lines in general position borders at 
most one bounded red region. If there are r’ bounded red regions of which ri 
have k edges, it follows that 
kz=3 
whence r’s4 n(n - 2). Since the 2n unbounded regions simply alternate in color. 
r = n + r’6$ (n-‘+ n). w 
:3 
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The corresponding estimate for g follows because there are 4 (n* + n + 2) regions 
itu all, and ws find that 
ga&(n2+n+6). (3) 
Inequality ( 1) follows immediately frown (2) and (3). 
2. SoRSb@ estjrrmtes in E3 
As is 
ition 
well known (see Buck [2]), an argument of n 2 3 p!snes in general 
in space generates a cell complex that has 
cells, bsundcd faces, and unbounded faces, respectively. (For a short proof of 
these formulas, see Alexanderson and Wetzel Cl].) The cells can be colored with 
two cofors, red and green, in such a way that contiguous cells have different 
colors. (The two-colorability can easily be proved by induction; or one can 
arbitrarily choose a posi?ive side for each plane of the arrangement and C&r a 
cell red or green according to whether it lies in an even or an odd number oEI 
pcGtive halfspaces.) Suppose there are r red and g green cells, with r 2 g. 
A straightforward space analogue of Simmons’ argument goes as follows. 
Suppose there are t’ bounded red cells of which rl, have k faces. Then since each 
bounded face borders at most one bounded red cell, 
and it follows that r’<l F’ -4 * If there are r” unbounded red cells of which rk have k 
unbounded faces, then by the same reasoning, 
and it follows that r”s fF”. Combining these estimates for r’ and v” with the 
formulas for C, F’, anti F, we see since 3 = r’+ r” that 
and from g = C- r we conclude that 
(3 
(6) 
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We can sharpen these estirnates a little by taking (bounded) tetrahedra into 
account. It is well known that an arrangement of n lines in general position in the 
plane forms at most $n( n - 2) triangles, since each of the n(n - 2) segments lies in 
at most one triangle. Each plane in an arrangement of n planes in general position 
is cut by the other n - 1 planes to form an arrangement of m - 1 lines in general 
position, an arrangement hat has at most f<n - l)( n - 3) triangles. Each trianglu- 
lar face lies in at most one tetrahedron, and so the number li of tetrahedra satisfies 
the inequality 
!+r(n-l)(n-3)=$:)-i(;). (7) 
We modify Simmons’ argument by replacing inequality (4) by the inequality 
Sr’Gri+ c kr :Gr$+F’Gt+F’. 
ka4 
(The outside inequalities are trivial, and the middle inequality is from (4).) It 
follows that r’s $F’+it; and combining this with the earlier estimate for r”, 
inequality (7), and the formulas for ?’ and F”, we conclude that 
y+F’+$F”+$t =~(;)+;(;)+$z. 
Since g = C- r, we have the corresponding bound for g: 
03) 
These estimates are evidently a little sharper than (5) and (6), but we have no 
information about when, if ever, the equalities can be achieved. 
Various conqequences can be drawn from these estimates. Let p’, be the 
maximum of the ratio r/g for all arrangements of n planes in general position. 
Dividing (8) by (9), we see that 
7 20 n2-6n-7 
pn <-+- 
3 3 n3-2n2+17n+20’ 
and a little calculation shows that the right side takes its maximum value 679/261 
at n = 14. Hence, for every n, 
pn < 679126 1 < 2.60 154. 
Thus, when any arrangement of n planes in general position is properly two- 
colored, thle more common color cannot appear in more than 72.3 per cent of the 
cells. Furthermore, it is apparent from (10) that 
so that when n is large at most about 7G per cent of the cells have the more 
common color. 
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In a slightly diffzerent direction, it follows from (8) and (9) that for each A >$ 
there are an nrr and a c > 0 that depend only on A so that for all arrangements of 
I1 no planes in general position, 
rCAg-cn3. 
Finally, one can obtain linear inequalities of the Simmons’ type, which are 
weaker. If s 20 it follows from (8) and (9) that 
Sg-rH -y(;)+%(;)+y n+s, 
and the sum of the first three terms on the right is non-negative for all y1 b 3 
precisely when s 2 1079/M 1 a2.6253. (When s = 1079/411, the sum of these 
three terms vanishes when n = 12.) It follows that for every two-colored Eucli- 
dean three-arrangement of planes in general position, 
1079 1079 __P 
rGzi-g 411’ 
3. Some estimates in Ed 
The analogous argunxnts in higher dimensional Euclidean space lead to similar 
inequalities. An arrangement of n 3 d hyperplanes in general position in E” 
determines a cell complex that has 
c= f (,“,). 
k = 0 
F’= f (-l)V&-k) (,“,) 
k =O 
F’= i [1-(-l)“](&k) 
k =I) 
d-cells, bounded (d - I)-faces, and unbounded (d - 1)-faces, respectively. (The 
general formulas were given by Buck [2:; see also Zalavsky 161, especially pages 
64-M.) 
The number 2” of (bounded) d-simplices in an arrangement of n hyperplanes in 
general position in Ed satisfies the inequality 
-t 
L 1” <-- n(n-l)(n-2)~=*(n---(d-2))(n-d) 
d+l dE 
This cs* mate can readily be proved by induction along the lines of the argument 
ove for the case d = 3. 
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Now the modified Simmons’ argument gives, in the usual notation, 
(d +2)r’s r;,, + c kr’,GF’Ctd, 
kpd+2 
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whence r’ =Z (F’ + td )/( d + 2). Similarly, r” G P/d. Consequently, 
F’+ td F” 
rT-s+d 
and, because g = C- r, 
F’+ td F” g<C---- 
d+2 d’ 
Substituting, we obtain the generalizations of (8) and (9): 
d2+d+2 n 
=(d+l)(d+2) d 0 
+d3+4d2-d-6 
d(d+l)(d+2) 
d 
+ c ck 
k=2 
2d d2-3d-6 
gs(d+l)(d+2) -d(d+l)(d+2) 
+ i (1-ck) 
k=2 
where 
d-k 
d-i-2 
if k = 2,4,6, . . e 
(d-k)(d+4) if k = 
d(d +2) 
3 5 7 
, , ,..** 
(11) 
(12) 
It is an easy consequence that the maximum pd, of the color ratios r/g for 
d-arrangements in general position satisfies 
lim sup p:‘,s 
d2+d+2 d+l+l 
n-2 
2d 
=-T- d’ 
It also follows at once from (11) and (12) that for each h > (d2 + d + 2)/(2d) 
there are an no and a c > 0 that depend only on A so that for all d-arrangements 
of n 2 no hyperplanes in general position, 
r<hg-cn”. 
It would be of considerable interest to find analogues results for arrangements 
not necessarily in general position. 
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